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1. Introduction

The theory of best simultaneous approximation on operators and func-
tion spaces has been extensively investigated, see [1]-[9] [13]-[16]. Recent
interests are focused on the study of the best simultaneous approximation

in conditional complete Banach lattices paces with strong unit 1, see [4],
[6].

Definition 1. A lattice (L,<) is said to be conditionally complete if it

satisfies one of the following equivalent conditions:
(1) every non-empty lower bound set admits an infumum,
(2) every non-empty upper bound set admits a supremum,

(3) there exists a complete lattice L=LuU {T, L}, which we shall call
minimal completion of L, with bottom element Land top element T,

such that L is a sublattice of Z, infL =1 and supL = T.
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Also recall that an element 1 of a Banach lattice space (X, ||-||)is called

a strong unit if [|1]] = land = < 1 for each element zin the unit ball of X.

Definition 2. A conditionally complete Banach lattice space X is a real

Banach space which is also a conditionally complete vector lattice such that
|z < [yl = llzll < Iyl

for all x,y € X , with |z| = max {z, —z}.

We shall assume that X is a conditionally complete Banach lattice
space with strong unit 1 throughout of this paper. The following Lemma

can be found in [10], page 18:

Lemma 3. Let (X, |-||) be a normed linear lattice. Then

(V) A ] I = lJ]l, for every = in X,

(2) ifzAy=0,then [l -yl = [lz+yl,

(3) the lattice operation are continuous,

(4) the positive cone of X is closed,

(5) the norm on X is regular and monotone.

Hence in this paper, one has|| |z| || = ||z, for every = in X, and the

norm in X is monontonic, that is
—y <z <y= |zl <yl

for all z,y € X.

Throughout this paper the measure space (T, Z, 1) is a finite com-

plete measure space.
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Let L° = L°(T) be the space of all -equivalence classes-of Y-measurable
real-valued functions, where z (t) < y (t) p-almost every where (a.e.t € T'),

if 2 <y with z, y € L°.

Throughout this pape we’ll use the symbol x4, where A € Z to
denote the characteristic function, which is specified to be one on A and

zero elsewhere.

A Banach space (E,|||z) is termed a Kothe space, if for every x,
y € LY, with |z| < |yland y € E, then z is an element of F and||z||; < ||yl 5,
also if p (A) is finite, where A € ¥, then x4 € E, see [11]. One can see

that the spaceFE is a Banach lattice space under < .

If E is a Koéthe space on the measure space (7, Z, ), then the space
of all equivalence classes of strongly measurable functions x : T — X, where

|z (-)]] is an element in E with the norm:

Mzl = 1ll= Ol e -

Then (E (X), |||/l g) is a Banach spaces called the Kéthe Bochner function
space induced by F and X. Also if X is Banach lattice, F (X) is also a

Banach lattice space, see [11].

Let G be a closed subspace of X, which is a Banach space. Let us
define the normon X" = X x X x...x X on a finite number of elements

Z1,...T, in X, by:
||(l’1,:172,...,$n)||m - maX{Hxl‘la'-'aHan}a

where X" with the norm ||-||,, defined above is denoted by ®X".

Set W ={(y,...,y) n-tuple : y € G}, define the norm on W by

sl = Myl vy G
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then ®X™ with the norm ||-||,, is a Banach lattice space with W a closed
m
subspace of @ X". If for any finite elements x1,...,x, in X, and there
m

exists an element y, in G, such that

d(l‘l,...,llin,G) = inf maX{Hxl 7y||,7||In 7y||}
yeG

= max {[|lz1 = yoll,-- -, [lzn — voll}, (1)

then we call the element y, a best maz—simultaneous proximinant (BM S P)
of the finite elements x1, ...,z in X and G a max—simltaneous proximinal

(MSP) in X.

We state that G is maz—simultaneously Chebyshev in X | if such v,
in G is a unique element. Note that G is (M SP) in X if and only if W is

proximinal in @ X™.
m

Remark 4. The best max—simultaneous proximinant (BMSP) appears
to be stronger than ordinary proximinality for x € X, and d(z,G) =
ing lx — y||. However as cited in [13], this is not the case in general for
ye

various characterizations of simultaneous approximations.

The norm on f is defined by

WA, = Imax {llze O - llza O g
for a function f = (z;);_, € (E(X))".

We show the existence of the element yo = (go, - - ., 90) in (E (G))" for
a given closed subspace G of X and f = (z;);_, in (E(X))", where the

infimum obtained

- = inf (g, ...,
I =yolll,, gelg(c)lllf 9, Dl

= [fmax {{lz1 (-) = go O)Il -5 [[2n () =90 OlIH 2

which means that yg is a (BMSP) of f = (x;);—, in (E(X))".
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Then

d(@r,-mn, B(G)) = [max{ller () =g Ol 5. llen () =g Oli}le

= [fmax {[lz1 () = go ()l -+ 1z () =90 ()} |
In this paper, we We investigate the(BMSP) for finite elements in
E (X).
2. Distance formula
For z1,...,2, in E (X), we define the set Best (x1,...,2,, E (G)) by

{ g€ E(G): |[max{[lz1 () =g Ol s lzn () =g O} }
=d(z1,...,zn, E(Q)) ’

It is clear that if the set Best (21, ..., %y, E (G)) is non-empty, then
E(G)is (MSP)in E(X).

Lemma 5. If z1,...,z, are elements in E (X), and a strongly measurable
function g : T — G, with g(t) € Best (1 (t),...,zn (t),G) fora. et €T,
then g is an element of E (G) and also g € Best (x1,...,Tn, E(GQ)).

Proof. Since g (t) belong to the set Best (z1 (t),...,zy (t),G), (a. et € T),

we have

lg AN < llzx @) =g DI + [lz @
< max {[lz1 () =g (DI, [lzn () = g (DI} + llz2 (D]

<max{[lz (O - [lzn @I} + 22 @)

< s @+ e (0]
i=1

Hence

n
gl < Halll + D ] -
i=1
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This means that ¢ is an element in E (G). But for all h € E (G), we have

max {[lz1 (1) — g (O] ... 2 (1) — g ()]}
< max {[las (1) = R (O)] ... Jn (1) = B (O]}
Hence
Jmasc {11 () =g ) - l2a () = g Ol
< fmax {1 ()= RO ool () = RO -
Thus g is an element of Best (z1, ..., xn, E (G)). O

Definition 6 [11]. If for every element zin E and for every decreasing
sequence (Ay),—, C E, converging to 0, we have klim Ixa, x|z =0, then
—00

the norm ||-|| zis called an absolute continuous norm on E .

Definition 7 [12]. If for © < y and ||z||; = ||y|| ; implies that 2 = y, then

F is said to be strictly monotone.

Now, we introduce the following theorem of the distance equality:

Theorem 8. Assume that |||]|| is an absolute continuous norm on E (X).
If x1,...,z, are finite number of functions in E (X), then the function

d(z1,...,24,E(G)) is an element of E and

ld (21 () s 20 (), Gl = d (1, .., 20, E(G)).

Proof. If z1,...,x, in E (X), then there exists a finite number of sequence
of simple functions in E (X), say (%k,i)pey,( ¢ = 1,...,n), such that for any

i, ((1 <i <mn)), we obtain
lim ||k, (t) —z; ()| =0,(ae. t€T).
k—o0

Since the function d(z1 (-),...,zn (-),G) is continuous, then for each i,

(1 <i<mn)andteT,there exists a sequence of elements (z; (t)),—, € G
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such that

k&%'d(xk’l t)sseey 2 (), G)—d(x1(t),,..., 2, (t),G)| =0,

Now, for each k € and t € T, set

M (t) =d(zga (t),,.... 250 (t),G),
then each kK =1,2,...,00, M} is a measurable function.
Therefore, d (z1(-),..., 2, (-),G) is measurable, also for all z € G,

and t € T', we have
d(zi(t),..., zo(t),G) <max{[|z1 (t) — 2| ,...,[|zn (t) — 2]},
Also, for all g € E(G), we get
d(zy (t),. ., 2o (), G) <max{[ley (&) =g O ..., [lza () —g @O},
Then

[d (@ ()ss 2n (1), G)lg

< a1 () = g Ol +-oslzn () = g O} g -
This implies that d(x1 (-),..., 2, (-),G) is an element of E and
||d(.’L‘1 (')7"" Ln ()7G)HE < d(xlv"'ammE(G))' (2)
The simple functions are dense in E(X) because |||-||| is an abso-

lute continuous norm on FE (X), [11]. Thus in E(X) there are simple

functions x; such that for € > 0, we have
* € .
lzF —xill]] <=, (fori=1,...,n).
n

Let us suppose that

zi(t) =Y ajxa,(t), (fori=1,...,n).
k=1
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where Aj’s are measurable sets with A; N A; = ¢ for 7 # j, also we assume
o
that p(Ag) > 0, for each k = 1,2,...,m and T = UAk , where o} € X,

k=1
k=1,2,...m,and fori=1,... ,n.

Let ¢ = ||lxr||| > 0, then for each k =1,2,--- ;m, and yx € G satisfying

max{Ha}c—yk ,...,||aZ—yk||} < d(a,lc,...7az ,G)—&—%

Consider

g(t) = Zyk Xa,(t), forteT
k=1

Thus, we can obtain the following inequality

max {|la] (t) —g (O)l,- .-, llag, (£) — g ()|}
= ZXAk(t)maX{Hallc _kaa"'vHaZ _ka}
k=1
< ZXAk(t) [d(a,lg,...,ozz ,G) + a
k=1
= d (@ (1)) (0, G) 4+ = Y xa, (1)
k=1

Therefore,

[[max {21 () =g )l - llzn () =g Ol
ZXAk
k=1

Slld(@i(),.zn (), Gl + - llixrlll

= ld (@ (), s (), D) +e

< (@5 (), (.Gl +
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It follows that
d(x1,... .20, E(G) <d(2},...,a5, E(G) + Y _|[la; — 7]l
i=1

< Jmax {25 () = g Ol .- .. I ) = g Y1 + ¢
<A@ () oo (), Ol + 2

<ld(z1 (), zn (), G)lg +zn:|||’£z' — x| + 2
i=1
<|ld(z1(-),...,zn (-),G)||p + 3e.
Then
d(zi,...,2, E(G)) <||d(z1(-),..., 20 (-),G)| g + 3.
It holds that
d(zi,...,2n, E(G)) <|d(z1(-),..., 20 (), G)| g - (3)
As a result, the inequalities (2) and (3) produce the desired result. O

The following is the consequence of the preceding theorem:

Corollary 9. If the norm |||-||| on E (X) is absolute continuous and strictly
monotone, then for a finite number of functions x1,...,x, in E(X), g is

an element of Best (x1,...,x,, E(Q)) if and only if

g(t) € Best(xy(t), 2, (t),G),(ae. t€T).

The following result focuses on the characterization of the (M SP) of

simple functions in F(X):

Theorem 10. If G is(MSP) in X, then for every finite elements of simple
functions x1,...,x, in E(X), the set Best(x1,...,2,, E(G)) is a non-

empty set.
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Proof. Let z1, ..., z, be a finite number of simple functions in E (X). Each

of these functions can be written as

m

x;(t) = Zaz Xa,(t),i=1,...n.
k=1

o0

i = 1,...,n,where T = LJA;€7 where Ajp’s are measurable sets and
k=1

(A;NA; =y fori+#j), we also suppose that u(Ag) > 0, for each k =

1,2,...,m.

Then, we know that for each k = 1,2,--- ,m, there exists (BMSP) ele-

ments wy, in G of the finite number of elements (ay, ,..., o} ) in gx" such
that

d(zh,... 2} Q) =max {||lak — 2|, [laf -z}
Set

g(t) = sz XAk(t)a (t € T) ’
k=1

then for any function h in E (G) and any « > 0, we get

[[max {[lz1 () = A )5 flzn () = RO g

m
> 1> xa () [max {{|ak — =], llaf — 2] }]
k=1 E
= [max{[lz1 () =g ), llon () =g O}l g -
Taking infimum over all functions h, we get
d(z1, .. 0, E(G)) = [[max {[lz1 () =g Ol - lzn () =g O} llg-
As a result, the finite elements of simple functions xq,...,z, are
(BMSP) in E(X). O
Theorem 11. Let the norm |||-||| be an absolute continuous and strictly

monotone norm on E (X). If E(G) is (MSP) in E (X), then G is (MSP)
n X.
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Proof. Let aq,..., ap € X. Set z; (t) = (1 =1,...,n) (ae. teT).

Since
|z = [lllzi Ol g = llleixr Il g
= llesll lixzlll, G=1,...,n).
which is finite, then z; € E (X), for each i, (i = 1,...,n).

By assumption, there exists a function g in F(G) that satisfies the

following

[max {flz1 () =g Ol l2n () =g O} Nz
< ffmax {[lz1 () =R G55 llen (O = RO g

for all h € E(G). Since E (X) is a Kéthe Bochner function space with a

strictly monotone norm, then for almost ¢t € T', we have

max {[|lz1 (£) =g (DI, [lzn (1) — g (D]}
<max{[zy (&) =B @), .. [len () =R (D]}

Fixtg € T and y = g (to), then y € G and for all h € E(G), we have
max {{lar =y, [lan —yll} <max{llar =~ @),..., lan =R (B},
Since G is embedded isometrically into E (G), it follows that
max {[|ar =yl ..., an —yll} < max{floy —wl,..., lan —wl[x},

for all w € G. O

3. Conclusion

The best simultaneous approximations of a finite number of functions
in Kothe Bochner function spaces in the maximal sense were studied in this

paper. The relationship between the (BMSP) of G, the closed subspace of
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X and the (BMSP) of E(G) in E (X) were also addressed. These charac-

terization can be viewed as an extension of a number of related theorems

about Orlicz Bochner spaces and Lp Bochner spaces.
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